
Pre-class Warm-up!!!
True or False?
Let  A  be a 2 x 2 matrix.

1.  If  A  is not diagonalizable then the 
characteristic polynomial of  A  has a 
repeated root.

a.  True b.  False

2.  If the characteristic polynomial of  A  has 
a repeated root then  A  is not 
diagonalizable.

a.  True b.  False

1
.

We argueby contradiction ;

Ifthe char , poly ,
has no repeated roots

=W

then A has 2 distinct e-values

so is diagonalizable by 6
. 2 Thm3,

ThusA not dragonalizable =>A has

v most
a repeated root.

The identify maxx (89) is

diagonalizable and its char , poly
~ (1-X) has a repeated root.

most



Section 6.3 Applications involving powers of 
matrices

We learn:
• a method for finding high powers of matrices 

using diagonalization
• applications to the stable behavior of 

populations etc.
• the Cayley-Hamilton theorem



Question. Find  A^10  where  A = F5 - End+ = = (b =] =( =]
Solution : Wediagonalize .

Take P=3 .) A =E3-3(1024) (+3)
P"Ap = (02)
Steps : det( - >1) =

.. .
= D - 1) (2- 2)

=( ) (s =]
Solve (- (1) v =0 : x= 1, * V =0

= 7-6-1024 14-14 - 1024

E3] is a basie for the 1-eigenspace E- 3 +34024 - 6 +7 - 1024)
x = 2

,
(3 - (*]v =0

,
(=, ] abais

farthegespresa
= (3) = (2) = (64024]
FinallyAl = ↑(P

+App+



Question. Find  A^10  where  A = F5 - finally
Solution : Wediagonalize ·

Take P=/3 .3)
A10 = P(P+AP)p" = P(oYoc]p+

P"Ap = (02)
=( =1] (1)75.3]

Steps : det( - >1) =
.. .

= D - 1) (2- 2)
Solve (- (1) v =0 : x= 1, * V =0 =Es-] 02 - oc]

= 7 - 6 . 1024 14-14 · 10243)sabasifortheLegenpacbans
-3 +3.1024 - 6 +7 -

1024]I
for the 2-egenspace so P=13 . ] works.
NoteHet - 10 times ->

(P"AP)' = PAPAPAP... AP

>=P A10/

- (0271 = (01824]



Question:
At a debate between candidates  A  and  B, of 
the people who started supporting  A,  0.8 stay 
with  A,  0.2 change to  B.
Of the people who started supporting  B,  0.9 
stay with  B,  0.1 change to  A.  After a large 
number of debates, what proportion of people 
support each candidate?

Another question:
Each year, of the people who live in the center 
of a city, 0.8 of them stay in the center and 0.2 
of them move to the suburbs.
Of the people who live in the suburbs, 0.9 of 
them stay in the suburbs and 0.1 of them move 
to the center. After many years, what proportion 
of people live in the center and what proportion 
in the suburbs?

Yet another question:
After  k  years the number of rabbits in a 
region is  r_k  and the number of foxes is  f_k, 
and these satisfy

After many years, what is the proportion of 
rabbits to foxes?

Question:
Which of these three questions do you think is 
the easiest to solve?

a.  the first
b.  the second
c.  the third
d.  None of them

uk = 0 . 8rk - 1
+ 0

. 1 FR-1
fla =0. 2k1 + 0. 9 fol



Question:
At a debate between candidates  A  and  B, of 
the people who started supporting  A,  0.8 stay 
with  A,  0.2 change to  B.
Of the people who started supporting  B,  0.9 
stay with  B,  0.1 change to  A.  After a large 
number of debates, what proportion of people 
support each candidate?

Diagonalize 800 :9) .

Char
· poly. = 32 1 . 76 +0

.7 = to ((03-17)
= to((0x - 7)(b - 1)

2-values : 1 = 0
. 7, I

b = 1 : SolveFor 20 Ju = 0
, vily

-Solution
.
Let SE

,
S be the numHer of

supporters of A and B after debate R .

6 =07 Solve(0 v = 0 y
Then St = 0

.85 ,
+Ols p =(2 +,) p+Ap = [00i]

S = 0
. 2 S + 0

.9S pt =
=5 (=2 , ) = 5 12+]

=08 10:80 = P( Ap) p =P(8]P

=08 ok So
= (2 1)(8]j +)= 3)

when his large.

Thus about t support A , E support eventually
=(Son) =Es )



The Cayley-Hamilton theorem.
Let  p_A  be the characteristic polynomial of a 
square matrix  A, so

Then  p_A(A) = 0 (the zero matrix).

Example:

Like 6.3 questions 15-24 (not on the HW):
Use the CH theorem to find  A^{-1}, A^3, 
A^4.

Pa = det (A -XI)
Solution : Startwith PAC) = A? 3A+2I

Multiply by A
"

: A - 31 + 2A = 0

A = [33
-G , p()

= 3= 3x+2 A" = z(3I - A)

Az = (- 17 -22) = E((3] - (3
-84)) = z(831]

The CH theorem says A=- 3A +21=%

(2) -

42] - 5 +8) =8 Multiply by A: A3
- 3A+2 = 0

A3 = 3A2- 2A = - --



The Cayley-Hamilton theorem.
Let  p_A  be the characteristic polynomial of a 
square matrix  A.
Then  p_A(A) = 0 (the zero matrix).

Proof: We use the adjoint matrix from page 199.

sowers of J to get :Equate /
AQo = Col

AQ, - Q = <
,
I multiply by a

adg(B) = [Bij]T
! add

By
= (v)

+ + det(Ly - minor ofB)
A Qu-Qn-2 = Cn-17 Ant

- Qn + = <nI

B . adg(B) = (B) . I for everymotix B ,
so

(A- >1) adgASI) = detA-JI) .I PAI AQ0 +A - + -.

+ - -A Quy
&

Wute = O

adg(-JI) =Qot 6 + ... + Qn - 1
x*+

= CI+ A+CAR ... +Al

PA
= Co+x + ..

. +C
-
/

Now
(1 - >1) ady (A-XI)

= pn(A) .

= AQ. - Qob + AQ - Q ,
32+ ... AQ-

/
***

=Cl +CSI+ ... I


